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In cable-stayed structures cables are subjected to potential damage, mainly due to fatigue and galvanic corrosion. The
paper presents an analysis of damage eﬀects on the statics and dynamics of suspended cables. An elastic continuous mono-
dimensional model for damaged cables, including geometric nonlinearities, is formulated for the purpose. The damage is
described as a diﬀused reduction of the cable axial stiﬀness, and deﬁned through its intensity, extent and position. Exact
solutions of the equations governing the cable static equilibrium under self-weight are achieved, and the signiﬁcance of the
tension loss and sag augmentation resulting from damage are investigated under variation of practically signiﬁcant param-
eters. The system spectral properties characterizing the free undamped dynamics are obtained in a closed-form fashion for
shallow cables within the low frequency range. The sensitivity of the frequencies to the intensity and extent of damage is
discussed, outlining two damage eﬀects, which alternatively stiﬀen or soften the cable modes, whose respective static and
geometric origin is recognized. Finally, the symmetry-breaking induced by damage on the static proﬁle is veriﬁed to
destroy the crossing phenomenon (crossover) characterizing the frequency loci of undamaged cables, which degenerates
into a narrow frequency veering phenomenon.
 2007 Elsevier Ltd. All rights reserved.
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The use of structural cables is rapidly proliferating in modern engineering, since these lightweight and slen-
der elements for carrying and transferring static loads simultaneously answer challenging design requirements,
make eﬃcient use of materials and yield aesthetically appealing outcomes. However, their extreme ﬂexibility
may expose cables to recurrent high amplitude vibrations, while severe service conditions can make them vul-
nerable to harmful environmental agents. Thus, deterioration may arise in aging structural cables due to
dynamic fatigue and galvanic corrosion, as well as to mechanical damage. Despite an increasing need for0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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usually described only through simpliﬁed models.
The mechanical behaviour of a suspended cable hanging between ﬁxed supports has been widely studied in
the past literature, starting from the pioneering attention paid to the topic by d’Alembert, Euler, Bernoulli,
and Lagrange (see Triantafyllou, 1984a). In the seventies the matter was systematically approached by Irvine,
ﬁrstly in research papers dealing with static problems (Irvine and Sinclair, 1976), or with the free dynamics of
shallow cables (Irvine and Caughey, 1974), and, secondly, in a quoted monograph (Irvine, 1981), in which the
author presents an organic collection of theoretical ﬁndings and technical results.
According to Irvine, a suspended cable is modeled as a linearly-elastic monodimensional continuum with
negligible ﬂexural and shear rigidities. However, in the framework of initially-stressed solids mechanics, a
cable can still oﬀer geometric stiﬀness against transversal actions when it undergoes ﬁnite lateral displace-
ments, due to the axial pretension. In the static ﬁeld, exact solutions can be obtained even for moderately-com-
plex problems (like the response to concentrated loads, Irvine and Sinclair, 1976), so that the convenience of
diﬀerent approximations can be discussed a posteriori. Diﬀerently, the closed-form solution for the spectral
properties characterizing the small amplitude transversal cable oscillations is limited to small-sag static pro-
ﬁles, within the low frequency range, which justiﬁes a quasistatic description of the longitudinal motion
(Lacarbonara et al., in press).
The Irvine model has also been intensively used to explore the complex nonlinear dynamics of shallow
cables. Several researchers have studied both the free high-amplitude oscillations range, and the rich scenario
of modal interactions characterizing the forced nonlinear response of cables when multiple internal resonances
occur among in-plane and out-of-plane modes. Numerous authors have also enriched the dynamic cable
model, extending the Irvine theory or proposing diﬀerent formulations, sometimes investigating the eﬀect
of non-negligible ﬂexural stiﬀness. An up-to-date review of the available modeling proposals and a summary
of the deterministic phenomena studied can be found in the comprehensive state of the art article by Rega
(2004).
Despite the great interest focused on the matter, it is remarkable that only rarely studies explore the eﬀects
of potential damage on the mechanical behaviour of cables, especially considering that the damage modeling is
a crucial aspect in deﬁning integrity-monitoring procedures, as shown for more widely investigated beam
structures (Vestroni and Capecchi, 2000; Khiem, 2006). Instead, often only technical problems are addressed,
like deriving empirical formulas which could describe the damaged cable frequencies by a correction of the
taut string spectrum, whereas no analytical modelling consistently approaches the static and dynamic response
of damaged sagging cables.
The present paper describes the static and dynamic behaviour of a damaged cable through the formulation
of an elastic nonlinear model. Damage is introduced as a diﬀused reduction of the cable axial stiﬀness, and
described by three parameters: position, intensity and extent. Solving the static problem in an analytically-
exact fashion, the equilibrium conﬁguration is obtained, and the damage eﬀects are parametrically investi-
gated and discussed to furnish a mechanical interpretation of the analytical ﬁndings from comparison with
the undamaged case. Then, considering parabolic shallow cables, a closed-form solution is presented for
the geometric modes which characterize the low-frequency dominant transversal motion of the linearized
model. The sensitivity of the linear modal properties to damage parameters is investigated, evidencing espe-
cially how the modiﬁed reference static conﬁguration aﬀects the linear modal properties. Besides its theoretical
signiﬁcance, the research also has some practical value for the future formulation of damage identiﬁcation
procedures.
The paper is organized as follows. The equations governing the static response of a perfectly-ﬂexible elas-
tic cable suspended under self-weight are formulated to consider the presence of damage (Section 2.1).
Once the exact solution is obtained (Section 2.2), the damage eﬀects are discussed in the space of the tech-
nically-relevant parameters (Section 2.3). The nonlinear equations governing the planar motion of the
damaged cable are then presented (Section 3.1), and simplifying assumptions are introduced to achieve
the closed-form solution of the related modal problem (Section 3.2). The sensitivity of the cable frequencies
is parametrically analyzed, and an enhanced model formulation is introduced speciﬁcally to study a fre-
quency veering phenomenon produced by damage in internally-resonant cables (Section 3.3). Concluding
remarks are ﬁnally drawn.
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A monodimensional continuous model is formulated to describe the static and dynamic response of an elas-
tic suspended cable subjected to diﬀused damage. Homogeneous and hyperelastic material properties are
adopted. A perfectly-ﬂexible transversal behaviour is assumed; that is, the shear and ﬂexural rigidity are con-
sidered negligible, and only uniform distributions of tensile stresses and extent strains are admitted in the cable
cross-section. In the absence of external loads, the curvilinear abscissa s is used to span the total arc-length of
the cable natural (unstressed) conﬁguration C0 (Fig. 1a).
Following the existing literature about damage identiﬁcation in monodimensional elements (Gladwell,
1984; Cerri and Vestroni, 2000), the damage suﬀered by the cable is assumed to be properly represented by
a diﬀused reduction of the constant axial stiﬀness EA, whose nondimensional intensity f(s) is deﬁnedFig.fðsÞ ¼ EA EAdðsÞ
EA
; 0 6 fðsÞ 6 1 ð1Þwhere EAd(s) is the residual axial stiﬀness. Damage is supposed to not involve material loss, so that constant
cable mass and weight density can be still assumed in approaching the static and dynamic problems.
In the following a unique damaged region D = {sja1 < s < a2}, with uniform damage intensity g, is consid-
ered. Even if the model could potentially be extended to more complex cases, under this restriction f(s) rep-
resents a piecewise constant functionfðsÞ ¼ g if a1 < s < a2
0 elsewhere

ð2ÞThus a complete damage description consists of the intensity g, together with the position and extent of the
damaged region, which are, respectively, expressed by the nondimensional parametersa ¼ a2 þ a1
2L0
; d ¼ a2  a1
L0
; 0 < a < 1; 0 6 d 6 1 ð3Þwhere the position a and extent d represent the central abscissa and the length of the damaged region with
respect to the unstrained arc-length L0 of the cable natural conﬁguration C0. Furthermore, the conditionsba
c
1. Damaged cable: (a) natural unstressed conﬁguration C0, (b) static equilibrium, (c) static conﬁguration CS under self-weight.
M. Lepidi et al. / International Journal of Solids and Structures 44 (2007) 8194–8212 81972a 6 2-d, and 2aP d should be imposed on the parameter values, to satisfy that the cable ends are physically
required to represent strict limits for the damaged region.
Since the adopted model admits only axial internal forces, searching the cable response under gravity loads
essentially consists in solving a geometric shape-ﬁnding problem, pursuing the unknown equilibrium conﬁg-
uration CS in the vertical plane (Fig. 1c).
2.1. Problem formulation
Consider the cable suspended between two ﬁxed supports S0 and S1 at the same level, at relative distance
L. Choosing the Lagrangian curvilinear abscissa s as the only independent variable, the static problem
substantially consists in determining the Cartesian coordinate functions x(s) and y(s), which parametrically
locate the position of each cable particle point P(s) in the vertical plane (Fig. 1c). Additional unknown
functions of interest are the curvilinear abscissa p(s) spanning the strained static conﬁguration CS, and the axial
tension T(s).
If only the eﬀects of cable self-weight are considered, the cable wholly lies in the vertical plane, so that the
following geometric constraint must be satisﬁeddx
dp
 2
þ dy
dp
 2
¼ 1 ð4ÞAt the same time, considering constant cable weight per unit length w, the global equilibrium of the left-hand
cable region with respect to the current point P(s), requires thatT
dx
dp
¼ H ; T dy
dp
¼ V W s
L0
ð5Þwhere W is the total cable weight, and H,V are the unknown vertical and horizontal S0 support reactions,
respectively (Fig. 1b).
Adopting an exact kinematic formulation and linear elasticity of the material leads to the constitutive
relationT
EA 1 fðsÞ½  ¼
dp
ds
 1 ð6Þwhere the right-hand term represents the cable elongation per unit length.
The geometric boundary conditions which are imposed on the coordinate functions at the cable supports
readxð0Þ ¼ 0; yð0Þ ¼ 0; ð7Þ
xðL0Þ ¼ L; yðL0Þ ¼ 0 ð8Þand ﬁnally the geometric continuity between the damaged and undamaged cable regions is ensured imposing
the matching conditionsx1 ¼ xþ1 ; y1 ¼ yþ1 ; x2 ¼ xþ2 ; y2 ¼ yþ2 ð9Þ
where xj ¼ lim
!0
xðaj  Þ, for  > 0, with analogous deﬁnitions for yj (j = 1,2).
2.2. Closed form solution
A suitable nondimensional form of the variables is introduced deﬁning the quantities~s ¼ s
L0
; ~x ¼ x
L
; ~y ¼ y
L
; ~p ¼ p
L0
; t ¼ 2T
W
; h ¼ 2H
W
; m ¼ 2V
W
ð10ÞIn the following the solution is presented in terms of the variables ~xð~sÞ; ~yð~sÞ; ~pð~sÞ, omitting the tilde to simplify
the notation. Moreover, within the assumed hypotheses the mechanical and geometric cable properties are
completely described by the nondimensional parameters
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2EA
; K ¼ L0
L
ð11ÞSince q represents the static elongation experienced by a half-unit length ﬁxed-free cable with axial stiﬀness
EA, hanging vertically under the total self-weightW, it is known as the cable ﬂexibility factor. The wholly-geo-
metric K parameter is usually presented as the cable aspect ratio, and distinguishes between pretensioned
(K < 1) and non-pretensioned (K > 1) cables (Irvine and Sinclair, 1976).
In view of the geometric constraint (4), squaring each of the equilibrium conditions (5), and adding the
resulting expressions, immediately provides the axial tension, which has the nondimensional expressiontðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h2 þ m 2sð Þ2
q
ð12Þin which the constant horizontal component tx = h and the s-dependent vertical one ty(s) = (m  2s) can be
recognized. It should be noted that, since the tension has to satisfy only global equilibrium conditions and
geometric constraints, the obtained solution is a continuous function along the whole cable length, without
any discontinuities due to the variable cable axial stiﬀness.
Therefore, applying the chain rule to the derivatives in Eqs. (5), and imposing the constitutive relation (6)
into the resulting expressions, a couple of ordinary diﬀerential equations is obtaineddx
ds
¼ h q
2 1 fðsÞ½  þ
1
tðsÞ
 
ð13Þ
dy
ds
¼ m 2sð Þ q
2 1 fðsÞ½  þ
1
tðsÞ
 
ð14ÞUsing the solution (12) for the cable tension t(s), these equations can be properly handled for symbolic inte-
gration, so that imposing the boundary conditions (7) and the continuity requirements (9) lead to a closed
form solution for both the horizontal coordinate x(s)xðsÞ ¼
qhK sþW1ðsÞ½  if 0 < s < a1
qhK n s ga1ð Þ þW1ðsÞ½  if a1 < s < a2
qhK sþ gdnþW1ðsÞ½  if a2 < s < 1
8><
>: ð15Þand for the vertical coordinate y(s)yðsÞ ¼
qK sðm sÞ þW2ðsÞ½  if 0 < s < a1
qK nsðm sÞ  gna1 m a1ð Þ þW2ðsÞ½  if a1 < s < a2
qK sðm sÞ þ gdn m 2að Þ þW2ðsÞ½  if a2 < s < 1
8><
>: ð16Þwhere n ¼ 1
1g and ai ¼ aiL0 (i = 1,2), whereas the auxiliary functions W1(s) and W2(s), which only depend on the
support reactions, are reported in the Appendix.
Geometrically, the cable equilibrium conﬁguration CS is exactly described by a parametric composite plane
curve S, whose map from the s-parameter domain to the vertical plane is deﬁned by the piecewise functions
x(s) and y(s). The boundaries of the damaged region represent the joints of the three adjacent segments com-
posing the curve.
Finally, in the framework of the adopted force method, imposing the remaining geometric boundary con-
ditions (8) on the obtained solution for x(s) and y(s) leads to the following pair of equationsqhK 1þ gdnþW1ð1Þ½  ¼ 1 ð17Þ
mþ gdn m 2að Þ þW2ð1Þ ¼ 1 ð18Þwhose solution furnishes the unknown support reactions h and m. These equations generally have to be solved
applying numerical methods, due to the simultaneous presence of transcendental and radical coupling terms in
W1(1) and W2(1).
Additionally, a closed form solution can also be obtained for the curvilinear abscissa p(s) of the strained
static conﬁguration CS, by integrating the Eq. (6)
Fig. 2.
cable (
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sþ qh2 W30 W3ðsÞ þW40 W4ðsÞf g if 0 < s < a1
sþ qh2 W30  n W3ðsÞ  gW31½  þW40  n W4ðsÞ  gW41½ f g if a1 < s < a2
sþ qh2 W30 W3ðsÞ þ ngðW31 W32Þ þW40 W4ðsÞ þ ngðW41 W42Þf g if a2 < s < 1
8><
>: ð19Þwhere the positions Wj0 = Wj(0), Wj1 = Wj(a1), Wj2 = Wj(a2) are understood (for j = 3,4), while the auxiliary
functions W3(s) and W4(s) are reported in the Appendix. It is of some importance here to recognize that
p(1) represents the ratio between the total strained and unstrained cable arc-length, which is known as stretch
factor (Irvine and Sinclair, 1976).
Diﬀerentiating the piecewise function p(s) and subtracting unity, the s-distribution of the static cable elon-
gation per unit length can be obtained (see Eq. (1)). As mechanically expected, it presents a jump to greater
values moving from the undamaged to the damaged region, due to the axial stiﬀness reduction.
Fig. 2a,c show the static conﬁguration CS of two selected cables in the pretensioned and non-pretensioned
range, for damage parameters (g,d,a) = (0.2,0.1, 0.55). Excellent agreement is found comparing the analytical
cable proﬁles (continuous lines), and the numerical results of a ﬁnite element nonlinear model made of several
truss elements (circles). The diﬀerences with respect to the corresponding undamaged cable proﬁles are also
analytically evaluated (Fig. 2b,d). The results obtained are again conﬁrmed by the numerical solution for both
the horizontal (Dx) and the vertical (Dy) coordinate change.
2.3. Eﬀects of damage on the static response
The most evident consequence of the non-homogeneous axial stiﬀness distribution introduced by damage
consists in the composite solution obtained for the curve which describes the cable equilibrium conﬁguration.
Nonetheless, it can be easily veriﬁed that the present model accurately follows the transition to the undamaged
case, since vanishing damage intensity makes the solution approach exactly the elastic catenary curve, whose
map is deﬁned by a symmetric continuous function, ﬁrst obtained by Irvine (1981). The following analyses
describe the eﬀect of the damage parameters respect to the Irvine solution.
It is ﬁrstly observable that the damaged cable conﬁguration generally lacks the symmetry of the undamaged
case, except for the particular case in which damage is symmetric itself (a = 0.5), and the Eq. (18) is identically
satisﬁed if each support sustains half of the total cable weight (m ¼ 1). As a consequence, both the tension t(s)
and the coordinate functions x(s) and y(s) gain symmetric properties.a
c d
b
Cable static conﬁguration CS (ﬂexibility factor q = 2 · 106), damage parameters g = 0.2, d = 0.1,a = 0.55: (a),(b) pretensioned
K = 0.999); (c),(d) non-pretensioned cable (K = 1.001).
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ﬁguration CS does not present discontinuities. This geometric property holds even if the functions x(s) and y(s)
do not analytically satisfy the C1 condition at the boundaries of the damaged region.
It is however convenient to recall that the continuity of the parametric derivatives (Cn parametric continuity)
is not strictly necessary for the geometric smoothness of the composite curve S at the joints. In fact the Cn
requirement could possibly be satisﬁed by a diﬀerent suitable equivalent reparameterization of the curve (see
the Appendix for more details); it is known that if at least one Cn continuous parameterization exists, the curve
is said to posses Gn geometric continuity (Barsky and DeRose, 1989).
Here, the function x(s) satisﬁes all the analytical properties required to reparameterize the curve S (see
again the Appendix), even if the resulting proﬁle parameterization y(x) has no explicit expression. Moreover,
iterative application of the chain rule yields the ﬁrst and second derivatives in the whole cable domain
(s 2 [0, 1])dy
dx
¼ m 2s
h
;
d2y
dx2
¼ 
2 1 fðsÞð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h2 þ ðm 2sÞ2
q
h2K 1 fðsÞ þ q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h2 þ ðm 2sÞ2
q  ð20ÞIt can be noted that the ﬁrst derivative is continuous, while the second derivative exhibits the step discontinu-
ities of the damage intensity f(s). Thus the cable proﬁle only possesses G1 continuity; that is, it presents con-
tinuous tangent, but discontinuous curvature.
This result is justiﬁed by the assumption of perfect ﬂexibility, which forces the direction of the axial tension
to be everywhere tangential to the cable proﬁle. According to local equilibrium conditions, discontinuities in
the proﬁle tangent are not really admissible in the model unless a concentrated transversal action arises.
Some approximations can suitably reduce the analytical eﬀort needed for an exact description of the cable
proﬁle, when it is used as the reference conﬁguration for dynamic models. In particular, asymptotic analyses,
here not reported for sake of brevity, show that in the case of non severe damage, say, if the product
gd ¼ Oð2Þ with  denoting a small nondimensional quantity ( 1), the Eq. (18) substantially implies the
condition of symmetry (m ¼ 1þOð6Þ).
Moreover, if the additional hypothesis h m is adopted, from (12) the axial tension coincides with its con-
stant horizontal component. Once imposed in the Eq. (17), it furnishes the relevant result qhK = 1, which lets
the parametric composite curve (15) and (16) degenerate into the parabola y(x) = 4f (x  x2), where f repre-
sents the midspan nondimensional sag. Thus the exact cable proﬁle in the vertical plane can be well approx-
imated by a parabolic symmetric function. This assumption is usually considered largely reasonable, whereas a
pure convenience cutoﬀ for undamaged cables is usually set at sag-to-span ratio less than about one-eighth
(Irvine and Caughey, 1974).
Even if it can be observed that the parabola fails to reproduce the curvature discontinuities, parametric
analyses conﬁrm that the parabolic approximation is widely acceptable even for damaged cables, up to the
non-pretensioned cable range (say surely up to K 6 1.005). The comparison with the undamaged cable proves
that the damage essentially produces two major eﬀects: (a) a tension loss, due to the minor axial stiﬀness in the
damaged region, and (b) a sag augmentation of the parabolic proﬁle, due to the consequent reduction in the
geometric stiﬀness. It is worth noting that including the axial elasticity in the cable model is a crucial require-
ment to capture these two eﬀects.
Therefore the tension and the sag of the damaged cable, still numerically evaluated on the exact elastic cat-
enary solution, can be more conveniently handled making reference to the corresponding values hu and fu of
the undamaged cableh ¼ v2hu; f ¼ j2fu ð21Þwhere the tension reduction factor (v < 1) and the sag augmentation factor (j > 1) have been introduced.
The factors v and j depend on both the damage intensity and extent, and on the cable mechanical prop-
erties. In particular, ﬁxing the damage parameters, it can be shown that they only depend on the Irvine param-
eter of the undamaged cable
a b
Fig. 3. Eﬀects of damage (g = 0.2, d = 0.1) on the static response for diﬀerent ﬂexibility factors q of the material: (a) tension reduction
factor v2 and (b) sag augmentation j2 versus the aspect ratio K.
a b
c d
Fig. 4. Diﬀerent damage eﬀects on the static response of pretensioned (K = 0.999) and non-pretensioned cables (K = 1.001) for a selected
ﬂexibility factor of the material (q = 2 · 106): (a),(c) tension reduction factor v2 and (b),(d) sag augmentation j2 in the damage parameter
plane (g,d).
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qhu
f 2u ð22Þwhich simultaneously accounts for the cable ﬂexibility and sag. However, studying the v or j sensitivity on k2
is not immediately convenient, since the Irvine parameter cannot be explicitly related to the control parameter
K. It is here suﬃcient to recall that the threshold K = 1, which separates the pretensioned and non-preten-
sioned cable range, corresponds to the critical value k2 ’ 24 (Rega et al., 1984).
Looking at Fig. 3, in which the square of the factors v and j is plotted versus the parameter K, the asymp-
totical behaviour for both pretensioned taut cables (K < 0.997) and for non-pretensioned slack cables
(K > 1.003) can be observed. Particularly, damage minimally aﬀects the slack cable static response (v2! 1,
j2! 1, for K 1). Diﬀerently, in taut cables the tension loss tends to that of a taut string, which depends
only on the damage intensity and extentv2ðg; dÞ ¼ 1 g
1 gð1 dÞ ð23Þwhile the corresponding cable sag augmentation entirely depends on the consequent loss of geometric stiﬀness,
that is j2 = 1/v2. The crosses in Fig. 3a,b represent a few numerical results from the solution of a nonlinear
ﬁnite element model of the damaged cable, which conﬁrm the analytical ﬁndings.
Fig. 4 shows that greater tension loss and sag augmentation occur when damage parameters increase. These
expected eﬀects of damage on the cable qualitative behaviour are however quantitatively signiﬁcant in the only
pretensioned cables (see Fig. 4a,b, for K = 0.999), whereas they become negligible for non-pretensioned cables
(see Fig. 4c,d, for K = 1.001) in almost the whole parameter plane (Fig. 5).3. Transversal dynamics of a damaged cable
3.1. Equations of motion
Assuming as reference the exact cable static conﬁguration CS, conveniently mapped in the following by the
parameterization y(x), the actual dynamic conﬁguration C in the vertical plane is described by the dimensional
Cartesian components of motion u(x, t) and v(x, t). By means of the Hamilton principle, as it applies to ini-
tially-stressed structures, the equations governing the cable free undamped oscillations (Luongo et al.,
1984) are suitably extended to include the damagem€u EAð1 fÞe0 ¼ 0 ð24Þ
m€v v2Hv00  EAð1 fÞ y 0 þ v0ð Þe½ 0 ¼ 0 ð25Þwhere dot and apex denote diﬀerentiation with respect to time s and the horizontal abscissa x, while m rep-
resents the constant mass density per unit length, and e is the Lagrangian strain, here assumed as the cable
centerline strain measure according to BiotFig. 5. Damaged cable: actual dynamic conﬁguration C.
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2
ðv0Þ2 ð26Þwhich couples the Eqs. (24) and (25), giving rise also to quadratic and cubic nonlinearities.
The system solutions have to satisfy homogeneous geometric conditions at the supports and C0 continuity
requirements at the boundaries of the damaged regionuð0Þ ¼ 0; u1 ¼ uþ1 ; u2 ¼ uþ2 ; uðLÞ ¼ 0 ð27Þ
vð0Þ ¼ 0; v1 ¼ vþ1 ; v2 ¼ vþ2 ; vðLÞ ¼ 0 ð28Þmoreover, the Hamilton principle also furnishes the relevant mechanical conditionsEAe1 ¼ EAð1 gÞeþ1 ð29Þ
EAð1 gÞe2 ¼ EAeþ2 ð30Þ
v2Hðv0Þ1 þ EAe1 ðy 0Þ1 þ ðv0Þ1
 	 ¼ v2Hðv0Þþ1 þ EAð1 gÞeþ1 ðy0Þþ1 þ ðv0Þþ1 	 ð31Þ
v2Hðv0Þ2 þ EAð1 gÞe2 ðy0Þ2 þ ðv0Þ2
 	 ¼ v2Hðv0Þþ2 þ EAeþ2 ðy0Þþ2 þ ðv0Þþ2 	 ð32Þ
where again uj ¼ lim
!0
uðaj  Þ, for any  > 0 is understood, with analogous deﬁnitions for vj , ej and for the
derivatives ðy0Þj , ðv0Þj (j = 1,2).
The mechanical conditions (29),(30) and (31),(32) govern the horizontal and vertical equilibrium at the
boundaries of the damaged region, respectively. A minor remark is that the conditions (31) and (32) exhibit
quadratic and cubic nonlinearities, since the dynamic component of the cable axial tension (N = EA e) con-
tributes to the vertical equilibrium with a term instantaneously depending on the actual angle (# = y 0 + v 0).
As for undamaged cable (Irvine, 1981; Luongo et al., 1984), it is generally acceptable within the low-frequency
range to formulate the hypothesis of quasi-static cable stretching, which entails the assumption of negligible
longitudinal inertia forces mu¨ in the prevalent transversal cable motion. Neglecting the inertia forces in the
Eq. (24) and using the mechanical conditions (29),(30) yields the quasi-static solution for the cable axial straineðx; sÞ ¼ eðsÞ
1 fðxÞ ð33Þwhere the separation of independent variables can be noted. Integrating the Eq. (24) and introducing the geo-
metric conditions (27), the numerator e(s), which is independent of the spatial variable, has the integral
expressioneðsÞ ¼ 1 g
1 gð1 dÞ
Z 1
0
y0v0dxþ 1
2
Z 1
0
ðv0Þ2dx
 
ð34ÞIt can be observed that in the undamaged regions of the cable (in which f(x) = 0) the dynamic cable strain
e(x,s) = e(s). Diﬀerently from undamaged cables, in which the hypothesis of negligible longitudinal inertia
forces determines a spatially-uniform axial strain, in damaged cables it is a piecewise constant function, with
a higher value in the region with lower axial stiﬀness (f(x) = g).
The quasi-static solution for the longitudinal component of cable motion allows the condensation of the
dynamic problem, reducing it to the only equation governing the transversal motionm€v v2Hv00  EA y00 þ v00ð ÞeðsÞ ¼ 0 ð35Þ
still with the geometric conditions (28), plus the additional onesðv0Þ1 ¼ ðv0Þþ1 ; ðv0Þ2 ¼ ðv0Þþ2 ð36Þ
which follow from the mechanical conditions (31),(32), once the solution (15) is introduced for the cable strain
and the C1-continuity of the function y(x) is recalled.
The static condensation procedure of the longitudinal displacement substantially enables the description of
the cable transversal motion by a single continuous variable within the whole cable domain. From a mechan-
ical viewpoint, this result means that no tangent discontinuities arise at the damaged region boundaries even in
the dynamic conﬁguration C. It is worth noting also that in the equation of motion the axial strain e(s) is
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transversal dynamics anyway.
Deﬁning x1 the ﬁrst frequency of the undamaged cable, a suitable nondimensional form of the dynamic
equation is introduced through the following quantities~v ¼ v
L
; ~s ¼ x1s; l ¼ EAH ; c
2 ¼ 1
x21
H
mL2
ð37Þwhere l is the ratio between the axial and the transversal geometric stiﬀness, and c is the inverse ratio between
the ﬁrst frequency of the undamaged cable and that of the corresponding taut string (c < 1).
Thus, recalling also the variables deﬁned in (10) and omitting the tilde for sake of simplicity, the equation
governing the cable transversal motion (35) can be expressed in nondimensional form€v v2c2v00  lc2 y00 þ v00ð ÞeðsÞ ¼ 0 ð38Þ
where the axial strain in the undamaged region reads in nondimensional variableseðsÞ ¼ 1 g
1 gð1 dÞ
Z 1
0
y 0v0dxþ 1
2
Z 1
0
ðv0Þ2dx
 
ð39Þand here dot and apex, respectively, denote diﬀerentiation with respect to the nondimensional time and hor-
izontal abscissa.
The equations (38),(39) represent a nonlinear integral-diﬀerential problem with partial derivatives and a
variable coeﬃcient (the variable static curvature y00), equipped with the homogeneous boundary conditions
v(0) = 0 and v(1) = 0. As for the statics, the dynamic model degenerates into the Irvine model, for vanishing
values of the damage parameters g and d.
3.2. Eigenproblem closed form solution
In the study of the small amplitude oscillations, the integral-diﬀerential Eq. (39) can be properly linearized
around the reference static conﬁguration CS€v v2c2v00 ¼ lc2y00eðsÞ; eðsÞ ¼ 1 g
1 gð1 dÞ
Z 1
0
y 0v0dx ð40ÞThe equation can be tackled with the separation-of-variables method. Deﬁning ~x the ratio between the generic
frequency x of the damaged cable and the ﬁrst frequency x1 of the undamaged cable, the solution is assumedvðx; sÞ ¼ eı~xs/ðxÞ ð41Þ
where ı denotes the imaginary unit. Replacing the solution in the Eq. (40) and eliminating the dependence on
time, the ordinary diﬀerential equation in the only spatial variable is obtainedv2/00 þ b2/ ¼ k; b ¼ ~x
c
ð42Þwhere the right-hand term reads, integrating by partsk ¼ ly00 1 g
1 gð1 dÞ
Z 1
0
y/00dx ð43Þwhich is easily proved to be a constant only if the approximate parabolic description of the damaged cable
static conﬁguration y(x) = 4f (x  x2) is introduced.
The Eq. (42) represents an integral-diﬀerential eigenproblem in the unknown system eigenfunctions /(x)
and eigenfrequencies b. For symmetric eigenfunctions the closed-form solution follows from the superposition
of the homogeneous and the particular solutions/ðxÞ ¼ c1 cos bv x
 
þ c2 sin bv x
 
þ k
b2
ð44Þ
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2j4ð1 gÞ
2b 1 gð1 dÞ½  ðc1bþ 2c2vÞ cos
b
v
 
þ ðc2b 2c1vÞ sin bv
 
þ c1b 2c2v
 
ð45Þotherwise, for anti-symmetric eigenfunctions, the solution falls down into the homogeneous one (k = 0).
Once homogeneous boundary conditions /(0) = 0 and /(1) = 0 are imposed on the solution, the system
eigenproblem is completely solved determining the unknown coeﬃcients c1, c2, and eigenfrequencies b. The
corresponding cable circular frequencies are obtained from the relation x = cx1b.
Since in Eq. (43) the integral vanishes for the spatially anti-symmetric integrand functions, and noting the
symmetry of the parabola y(x), distinction should be made between the case of anti-symmetric (k = 0) and
symmetric eigenfunctions (k5 0).
3.2.1. Anti-symmetric modes
Employing the boundary conditions it is veriﬁed that the damaged cable anti-symmetric eigenfunctions
present equispaced frequencies, which are integer multiples of the product 2pv. Thus explicit expression for
the i-th frequency can be givenbi
v
¼ 2ip i 2 Nþ ð46Þwith corresponding i-th modal shape/iðxÞ ¼ c2 sinðipxÞ: ð47Þ3.2.2. Symmetric modes
Assuming symmetric cable eigenfunction /(x), and employing the boundary conditions, other system fre-
quencies are born from the roots of the characteristic equationb
2v
 tan b
2v
 
¼ 4
Ck2
b
2v
 3
; C ¼ 1 g
1 gð1 dÞ
j4
v2
ð48Þand the modal shape corresponding to the i-th frequency bi is/iðxÞ ¼ c1 cos
bi
v
x
 
þ c2 sin biv x
 
 c1 ð49Þwhere the relation between the coeﬃcients subsistsc2
c1
¼
2b3ð1 gð1 dÞÞ þ k2j4ð1 gÞ 2v sin bv

 
 b 1þ cos bv

 h in o
k2j4ð1 gÞ b sin bv

 
 2v 1 cos bv

 h in o ð50Þ
Fig. 6 shows the comparison of the frequency loci curves versus k2 between the damaged and the undamaged
cable. Thewell-known Irvine diagram for undamaged cable is recovered by letting the damage parameters vanish
(continuous lines). The diagrampresents k2-independent frequencies corresponding to the anti-symmetricmodal
shapes, while the frequencies of symmetric modes monotonically increase, with asymptotic behaviour for limit
k2-values. Thus, greater Irvine parameters correspond to stiﬀer symmetric modes, which also progressivelymod-
ify their modal shape. The critical points in which the ramping curves of symmetric modes cross the horizontal
lines related to the anti-symmetric modes are called crossovers. They correspond to internally-resonant cables,
with two coincident frequencies related to a couple of symmetric and anti-symmetric modes.
3.3. Damage eﬀects on the spectral properties
From an analytical viewpoint, the eigensolution is formally identical to that of the Irvine model, which
is still exactly recovered for vanishing damage. Starting from this reference solution, the sensitivity of the
a b
Fig. 6. Frequency loci versus the Irvine parameter: (a) loci of the lowest four frequencies for increasing intensity g and constant extent
d = 0.3 of damage, (b) window around the crossover between the ﬁrst (symmetric) and second (ﬁrst anti-symmetric) frequency.
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spectrum can be immediately recognized. It is worth noting that both these eﬀects can be correctly identiﬁed
only if reference to the static solution of the damaged elastic cables is made.
The ﬁrst is due to the reduction of the geometric stiﬀness resulting from the static tension loss, referred to as
geometric eﬀect. It produces a decrease in the frequencies of both antisymmetric and symmetric modes, whose
amount is identically equal to the v-factor for both pretensioned cables and non-pretensioned cables. The pri-
mary consequence of the geometric eﬀect is that increasing damage severity (intensity g, or extent d) deter-
mines greater reduction in the frequencies, as veriﬁable recalling Fig. 4a,c, in which iso-v curves are
reported in the (g,d)-plane. Furthermore, note that diﬀerent damage conditions, say corresponding to diﬀerent
couples (g,d), may lead to undistinguished geometric eﬀects if they are responsible for the same tension loss,
that is, if they lay on the same iso-v curve.
The second damage eﬀect directly follows from the augmentation in the static sag, referred to as static sag
eﬀect. Since this eﬀect partially (completely for the taut string) depends itself on the reduced geometric stiﬀness,
it is not independent of the previous one. Instead, it could be said that a secondary consequence of the geometric
eﬀect on the cable spectrum is due to its partial contribution to the static eﬀect. The static eﬀect acts only on the
symmetric frequencies, and is completely described by the equivalent Irvine parameter k2eq ¼ Ck2 in the charac-
teristic Eq. (48). The multiplier C essentially corrects the Irvine parameter of the undamaged cable k2, applying
the product of two competing factors. The ﬁrst one is a reducing factor which is a combination of the damage
parameters only. The secondone (the ratioj4/v2) is instead an increasing factor, which depends again on the dam-
age parameters, and also on k2. Thus the relationship k2eq ¼ Ck2 is not a linear function in the Irvine parameter.
It can be demonstrated that perfect balance between the two factors (C = 1) is realized in the cables whose
unstrained length is exactly coincident with the distance between the supports (K = 1). Therefore the symmet-
ric frequencies of these cables are not sensitive to the static eﬀect. Otherwise, see for example Fig. 7, stiﬀening
(C > 1) of the pretensioned cables (K < 1, or k2 < k2), or softening (C < 1) of the non-pretensioned cables
(K > 1, or k2 > k2) is expected from the static eﬀect.
Fig. 8 shows the ratio ri = xi/xu,i versus the Irvine parameter of the undamaged cable, for a selected extent
(d = 0.2), and increasing damage intensities g. It should be ﬁrstly observed that the damage induces a reduc-
tion of both the symmetric (i = 1,3) and the anti-symmetric (i = 2,4) frequency in the whole k2-range. Never-
theless, a substantial diﬀerence exists. The ﬁrst anti-symmetric frequency reduction curve, depicted in Fig. 8c,
presents a monotonic relation r(k2), with horizontal asymptotes corresponding to constant or vanishing
ba
Fig. 7. Damage eﬀect on the Irvine parameter: factor C for (a) pretensioned cables (K = 0.999), (b) non-pretensioned cables (K = 1.001).
a c
b d
Fig. 8. Damage eﬀect on the cable frequencies: frequency ratio (a),(b) r1 of the ﬁrst symmetric mode, (c) r2 of the ﬁrst anti-symmetric
mode, (d) r3 of the second symmetric mode.
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respectively. This consistent behaviour throughout the k2 range closely reﬂects the sensitivity of all the anti-
symmetric frequencies to just the geometric eﬀect. Thus the same curves are also representative of the damage
eﬀects on all the frequencies of anti-symmetric modes.
The ﬁrst symmetric frequency curve, depicted in Fig. 8a, is instead determined by the superposition of the
static eﬀect on the geometric one. It can be ﬁrstly observed that the static eﬀect destroys the monotonic prop-
erty of the relation r(k2) characterizing the anti-symmetric frequencies, even if the curve still maintains an
asymptotic behaviour for limiting k2-values. In Fig. 8b the two eﬀects have been separated for the curve with
damage intensity g = 0.6. Taking as a reference the geometric eﬀect (continuous line), a minor frequency
reduction is observed in the pretensioned cables range (k2 < k2), in which the static eﬀect produces an apparent
increasing of the Irvine parameter (C > 1). Diﬀerently a major frequency reduction is observed in the non-pre-
tensioned cables range (k2 > k2), in which the static eﬀect produces an apparent decreasing of the Irvine
parameter (C < 1).
To justify the above remarks, it should be noted that the static eﬀect acts in a limited region of the control
parameter k2, exactly corresponding to the ramping portion of the frequency loci curve of the symmetric
modes. In particular, the frequency increasing rate is initially accelerated by higher apparent values of the
Irvine parameter, which let the frequency loci ramping of the damaged cables anticipate that of the undam-
aged ones. Subsequently, the frequency increasing rate is instead reduced by lower apparent values of the
Irvine parameter, which delays the frequency loci ramping of the damaged cable. Similar qualitative behaviour
is also observable in the frequency of the second symmetric mode (Fig. 8d), in which the static eﬀect arises at
higher k2-values, again corresponding to the ramping portion of the frequency loci. In Fig. 8, the crosses
denote a set of numerical results obtained from ﬁnite element models, which again closely conﬁrm the analyt-
ical ﬁndings.
Finally, only minor qualitative damage eﬀects can be observed on the cable modal shapes from the
comparison with the undamaged case. It can anyway be remarked that the cable eigenfunctions (47) and
(50) posses curvature continuity, consistent with the assumption of a parabolic static proﬁle. Particularly,
the anti-symmetric modes of the damaged cable (47) coincide with those of the undamaged one. First, the
cable anti-symmetric modes are independent of the cable sag as for the undamaged cables, and thus they
are not sensitive to the damage static eﬀect. Second, since their modal shape does not involve cable stretching,
they are even not sensitive to the damage geometric eﬀect due to the reduction of axial stiﬀness.
3.3.1. Frequency veering
Fig. 6b presents a window of the Irvine diagram in the resonance region between the ﬁrst symmetric and
antisymmetric modes. Looking at the frequency loci, a minor consequence of the damage is the shift of the
cable crossovers, which move to higher values of k2 and to lower frequencies with respect to the undamaged
case (continuous line). The critical k2-values corresponding to the frequency coalescence can be exactly
determinedk2co;i ¼ 4i2
v2 1 gð1 dÞ½ 
j4ð1 gÞ p
2 ð51Þfor the intersection of the i-th couple of frequency loci. This condition has some importance because of the
signiﬁcant ﬂows of mechanical energy which can be exchanged by the resonant modes.
Nevertheless, it is well known in the literature that even small perturbations of the symmetry property in
systems with crossing frequency loci may result in the complete destruction of the phenomenon. In fact a sym-
metry-breaking structural defect can produce a strong, even if extremely localized, interaction between the res-
onant frequencies, whose loci curves approach each other up to a minimum distance, and then suddenly
diverge, missing the crossing (see for example Pierre, 1988 and Vidoli and Vestroni, 2005). This phenomenon
is known as (geometric) frequency veering, and generally induces a hybridization process of the involved
modes, which exchange their modal shapes in a rapid but continuous way. The occurrence of veering is
well-established in the cable dynamics, and was recognized as a consequence of the symmetry-breaking caused
by supports at diﬀerent levels (Triantafyllou, 1984b) and non-homogeneous mass distribution (Cheng and Per-
kins, 1992).
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tion of parabolic static proﬁle should be removed, since, even if accurate in almost the whole k2-range, it none-
theless hides the small symmetry perturbation resulting from a non-centered damage (a5 0.5). To enhance
the description of the reference cable static conﬁguration CS, without losing the beneﬁts of a closed form eigen-
solution, a parabolic spline is assumed to closely approximate the exact cable proﬁle furnished by the piecewise
parametric functions (15) and (16). The spline is a segmented curve, in which each segment between two nodes
is mapped by a polynomial function. Here a parabolic segment yj(x) is selected to approximate each proﬁle of
the three homogeneous cable regions (j = 1,2,3). The conditions implemented to still satisfy the G1-geometric
continuity conditions at the nodes arey1ða1Þ ¼ y2ða1Þ; y2ða2Þ ¼ y3ða2Þ; y01ða1Þ ¼ y 02ða1Þ; y02ða2Þ ¼ y 03ða2Þ ð52Þ
while the best agreement with the cable proﬁle is obtained by imposing the intersection of the spline with the
exact curve at the boundaries of the damaged region and at the three midsegments. In particular around the
critical value k2co; 1, assuming the spline instead of the parabola reduces the integral mean square error in
describing the exact proﬁle and its curvature from 5.85 · 108 to 3.55 · 108 (with a reduction of about
40%). A minor remark is that the selected spline only represents an enhanced approximation of the cable static
conﬁguration, but not an approximate solution of the static problem equations.
Hence, employing the spline as the static conﬁguration, the equation (42) becomesv2/00 þ b2/ ¼ kj ð53Þ
where the right-hand constants kj have now distinct values for each of the spline segments (j = 1,2,3)kj ¼ ly00j
1 g
1 gð1 dÞ
Z a1
0
y1/
00dxþ
Z a2
a1
y2/
00dxþ
Z 1
a2
y3/
00dx
 
ð54Þand consequently a piecewise solution is obtained for the system eigenfunctions/jðxÞ ¼ c1j cos
b
v
x
 
þ c2j sin bv x
 
þ kj
b2
ð55Þwhere the following conditions/ð0Þ ¼ 0; /þ1 ¼ /1 ; /þ2 ¼ /2 ; ð/0Þþ2 ¼ ð/0Þ2 ; ð/0Þþ2 ¼ ð/0Þ2 ; /ð1Þ ¼ 0 ð56Þ
need to be imposed to determine the coeﬃcients cij, and the eigenfrequencies b. After some cumbersome alge-
bra, not reported for sake of brevity, the closed-form solution is achieved.
It is worth noting that the roots of the characteristic function now include all the system frequencies,
which are no more related to symmetric (nor anti-symmetric) eigenfunctions. Nevertheless, parametric
analyses show that the enhanced description of the static conﬁguration produces minimal corrections of
the frequency loci already obtained using the parabolic approximation, while the only appreciable eﬀects
arise in the region of resonant cables. Fig. 9a shows the frequency loci curves for ﬁrst and second modes
of the cable with damage parameter (g,d,a) = (0.4,0.3, 0.7), corresponding to the crossing evidenced by the
circle in Fig. 6b. It can be observed that a narrow veering phenomenon actually characterizes the param-
eter region 40.48 < k2 < 40.50, with amplitude about Db = 0.0001 at the minimum distance between the
frequency loci (around k2 = 40.491).
Slightly increasing the control parameter k2, the exchange of modal shapes between the veering frequencies
lets the ﬁrst symmetric eigenfunction A1 evolve into the ﬁrst antisymmetric eigenfunction D1 through progres-
sive hybridization (B1,H1,C1). Simultaneously, the ﬁrst antisymmetric eigenfunction A2 evolves, in the reverse
way, into the ﬁrst symmetric one D2. Fig. 9b,c show two couples of hybrid modes, and particularly (Fig. 9b)
the nearly mirroring modes H1 and H2, corresponding to the closest pair of frequencies, which both represent
a perfectly-balanced combination of the ﬁrst symmetric and antisymmetric modes.
In conclusion, even if the minimum symmetry loss due to damage results in a really localized veering phe-
nomenon, whose description is essentially conﬁned to theoretical interest, the analytical ﬁndings are qualita-
tively and numerically conﬁrmed by the results obtained from reﬁned ﬁnite element modeling, represented by
the crosses in Fig. 9.
ab
c
Fig. 9. Frequency veering and hybrid modes: (a) frequency loci for ﬁrst and second mode; (b) hybrid modes H1 and H2; (c) hybrid modes
C1 and C2.
8210 M. Lepidi et al. / International Journal of Solids and Structures 44 (2007) 8194–82124. Conclusions
A continuous monodimensional model describing the mechanical behaviour of a damaged cable has been
presented. Damage is considered as a diﬀused reduction of the axial stiﬀness, deﬁned through its intensity,
extent and position. The equations governing the static problem are solved to achieve the exact cable equilib-
rium conﬁguration under self-weight, considering the cable elasticity. Damage determines a tension loss and a
sag augmentation, which are measured by factors deﬁned to the purpose. The signiﬁcance of these two eﬀects,
which are however not independent, is investigated under variation of practically signiﬁcant parameters. Qual-
itatively, their importance monotonically builds up for increasing damage severity (intensity and extent) in the
whole space of elastic and geometric system properties. Quantitatively, pretensioned cables reveal a signiﬁ-
cantly greater sensitivity to damage eﬀects with respect to non-pretensioned cables. Non-centered damage
positions only slightly aﬀect the solutions, but anyway break the symmetry characterizing the elastic catenary
proﬁle of undamaged cables.
The equations governing the ﬁnite motions of the damaged cable around the static conﬁguration have also
been presented. The closed-form solution for the spectral properties characterizing the low-frequency free
undamped dynamics of shallow cables is obtained, considering a quasistatic treatment of the longitudinal
motion. Under this simplifying assumption, the damage position does not aﬀect the linear frequencies of
the transversal cable oscillations, which are only sensitive to the damage severity (intension and extent). In
particular, two simultaneous damage eﬀects on the cable spectrum have been recognized, both following from
the preliminary static solution. The ﬁrst one, namely the geometric eﬀect, is related to the minor geometric
stiﬀness due to the static tension loss, and produces a frequency reduction aﬀecting both the cable anti-sym-
metric and symmetric modes in the whole Irvine parameter range. The second one, namely the static eﬀect is
due to the ampliﬁed static proﬁle of the damaged cable, which counts for an apparent modiﬁed value of the
undamaged cable Irvine parameter. Depending only on the Irvine parameter, this eﬀect alternatively stiﬀens or
softens the only symmetric modes. However the stiﬀening static eﬀect is not suﬃcient to prevail on the soft-
ening geometric one, so that the superposition of the two competing eﬀects anyway results in a frequency
reduction.
Finally, the damage-induced symmetry-breaking in the static elastic catenary has been proved to modify the
cable spectral properties of internally-resonant cable, avoiding the possibility of exactly coincident frequency
related to a couple of symmetric and antisymmetric modes. Instead, a narrow veering of the frequency loci
appears, with consequent hybridization of the modal shapes involved in the phenomenon.
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Appendix A
A.1. Curve parameterization
Let zðsÞ; s 2 ½so; sf  ! R3 be a piecewise-deﬁned function mapping an open composite spatial curve S made
of m adjacent segments, connected at m  1 joints. Recall that the parameterization z(s) is said to be regular if
its ﬁrst derivative vector never vanishes. Moreover, it is deﬁned Cnparametrically continuous at the joints if z(s)
is n-times diﬀerentiable with respect to the parameter s.
The curve S can be equally mapped by a diﬀerent function ~zð~sÞ;~s 2 ½~so;~sf  ! R3, if there exists a regular Cn
function F ð~sÞ; s 2 ½~so;~sf  ! ½so; sf , such that~zð~sÞ ¼ zðF ð~sÞÞ; F ð ~so;~sf
 	Þ ¼ so; sf 	; and F 0ð~sÞ > 0 ð57Þwhere the apex denotes diﬀerentiation with respect to the parameter ~s; z(s) and ~zð~sÞ are then called equivalent
parameterizations.
The Cnparametric continuity of each parameterization is not strictly required for the geometric smoothness
of the curve. Even if this condition is disappointed by the assumed parameterization, since diﬀerent equivalent
parameterizations trace out the same set of spatial points in the same order, it is suﬃcient that just one Cn
parametrically continuous parameterization exists to ensure that the adjacent segments are smoothly con-
nected to each other. The curve is said to posses Gn geometric continuity.
The concept of geometric continuity, which is an inherent and parameterization-independent curve prop-
erty, was initially introduced in computer graphics applications (see for example Barsky and DeRose, 1989).
In mechanics it may be convenient to refer to the arc-length curve parameterization, so that the G2 continuity
follows from the suﬃcient condition of common unit tangent and curvature vectors between adjacent
segments.
In the present case, the Cartesian abscissa x(s) represents an optimal choice for an equivalent parameter-
ization of the cable static proﬁle. Alternatively, adopting the arc-length curve parameterization p(s), it can be
demonstrated that the adjacent segments which compose the cable proﬁle present common tangent, but dis-
similar curvature vectors at the joints.
A.2. Auxiliary functions for the static response
The auxiliary functions introduced to describe the cable static conﬁguration CS readW1ðsÞ ¼ 1
2q
arcsinh
m
h

 
 arcsinh m 2s
h
  
; W2ðsÞ ¼ h
2q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m
h

 2r

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m 2s
h
 2s24
3
5 ð58Þfor the coordinate functions (15), (16), andW3ðsÞ ¼ m 2s
4h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m 2s
h
 2s
; W4ðsÞ ¼ 1
4
log
m 2s
h
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m 2s
h
 2s24
3
5 ð59Þfor the curvilinear abscissa (19).References
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